Abstract. This paper poses and treats a noncommutative version of the classical Waring problem for polynomials. That is, for a homogeneous noncommutative polynomial p, we find a condition equivalent to p being expressible as sums of powers of homogeneous noncommutative polynomials.
Introduction
The Waring problem has had a long history since it was first proposed in 1770 by Edward Waring. Initially it was a question about integers, asking whether a natural number could be written as the sum of powers of natural numbers. Later it was extended to polynomials. It concerns the question whether a given polynomial, f (x 1 , x 2 , . . . , x n ), can be represented by sums of powers of polynomials, where x i 's are variables which commute. In this form, the Waring problem is closely related to symmetric tensor decomposition, see section 1.2.1. This problem was treated successfully in [RS00] and [FOS12] and has been studied extensively, as is shown, for example, in [BC11] and [GV08] . In this paper, we assume that x i 's are noncommutative variables, and derive solutions for the noncommutative version of the Waring problem. Our results can be used to efficiently evaluate noncommutative polynomials on tuples of matrices.
Pursuing the noncommutative Waring Problem is in the spirit of the burgeoning area called free analysis. Here one takes classical problems and works out analogs with noncommutative variables, which are free of constraints. These free analogues typically have interpretations for matrix or operator variables and their development often impacts various areas.
One of the original efforts here was Voiculescu's free probability, which started by developing a notion of entropy for operator variables and which has a become a big area having many associations to random matrix theory, [MS17] . Some other directions are free analytic function theory, cf. [KVV14] and free real algebraic geometry [BKP16] with some consequences for system engineering being [HMPV09] . Our paper develops the noncommutative analogue of the classical Waring problem.
1.1. Problem statement. We now state a natural noncommutative version of the classical polynomial Waring problem. We shall work with functions of g noncommutative variables For example, if α = (1, 2, 1, 3), then x α = x 1 x 2 x 1 x 3 . Definition 1.1. An homogeneous NC degree d polynomial p has a tterm real Waring (resp. complex Waring) decomposition provided that p(x) can be written as the sum of t terms of the d th -power of linear functions of x, i.e., Determine if a noncommutative homogeneous degree d polynomial p has a t-term Waring decomposition.
In this paper we will reduce this problem to the classical commutative variable Waring problem, thereby effectively solving it over C.
We also examine the General NC Waring Problem:
Determine if a homogeneous noncommutative polynomial is the sum of d th powers of homogeneous polynomials of degree δ.
In a similar spirit, we reduce the NC general Waring problem to a classical Waring problem, but in more variables.
Background on the Waring Problem.
The classical commutative versions of these problems are well summarized in [FOS12] . 
Waring vs Tensor Decomposition.
It is well known that the classical polynomial Waring problem is equivalent to symmetric tensor decomposition. Let T ∈ (C g ) ⊗d be a symmetric tensor, i.e. a symmetric multiidexed array, with entries T α ∈ C where α = (α 1 , . . . , α d ) is a d-tuple of integers between 1 and g. We may associate T to a homogeneous degree d polynomial p T (x) in the commutative variables z = (z 1 , . . . , z g ) by setting
Suppose T has rank r symmetric tensor decomposition
where d copies of A s appear in each tensor product.
Then it is straightforward to check that
That is, a rank r symmetric tensor decomposition of T corresponds to a rank r Waring decomposition for p T (z). By reversing this correspondence one sees that a rank r Waring decomposition for a homogeneous polynomial gives a rank r symmetric tensor decomposition for the associated symmetric tensor.
1.2.2. Classical General Waring Problem. The classical commutative Waring problem can be generalized from representation by powers of linear functions to powers of any degree homogeneous polynomials. The generalized classical Waring problem has also been well studied. According to Theorem 4 in [FOS12] , there is an upper bound for the number of terms needed for such problems: Theorem 1.3. A general homogeneous polynomial of degree δd in g variables, where d ≥ 2, can be expressed as a sum of at most d
th powers of degree δ homogeneous complex coefficient polynomials. Moreover, for a fixed g, this bound is sharp for all sufficiently large δ.
An easily stated result.
Before stating a result we need a definition. Define an indicator function on an index d-tuple α = (α 1 , . . . , α d ) by first defining
Then the indicator function ½ α j which gives the number of j's appearing in α is
A corollary for δ = 1 of Theorem 2.5 is: Corollary 1.4. Suppose a NC homogeneous polynomial p(x) = α P α x α , where P α = P α 1 ,α 2 ,...,α d ∈ C, satisfies P α = Pα for any index sets α,α such that ½ Proof. This corollary is a combination of Theorem 2.5, our main result in Section 2.2.2, and the well developed solutions for the classical Waring Theorem stated in Theorem 1.2.
1.4. NC polynomial evaluation. Let p(x) = |α|≤d P α x α be a noncommutative polynomial. Then for any n and for any g-tuple of n × n matrices X = (X 1 , . . . , X g ), we define the evaluation of p on X by
In the case where p is a homogeneous noncommutative polynomial and has a NC Waring decomposition, the NC Waring decomposition of p may be used to efficiently evaluate p on matrix tuples. This is especially useful in situations where a single p must be evaluated on many different tuples of matrices.
Suppose p has the NC Waring decomposition
Then for any matrix tuple X we may evaluate p(X) using tg − 1 matrix additions and t matrix exponentiations of degree d, where t ≤ ⌈ 
Numerical computation of NC Waring decompositions.
We conclude the introduction with an example which computes an NC Waring decomposition by using popular tensor decomposition software. Consider the homogeneous noncommutative polynomial
We associate p(x) to the symmetric tensor T defined by its frontal slices Using Tensorlab [VDSBL16] we compute that T is a rank 4 tensor and has symmetric tensor decomposition It follows that p has the rank 4 NC Waring decomposition
This is easy to numerically verify using NCAlgebra [OHMS] .
A naive evaluation of p on a matrix tuple using the original definition of p requires 54 matrix multiplications. In contrast, evaluating p on a matrix tuple using its NC Waring decomposition only requires 8 matrix multiplications.
Guide to readers.
In Section 2 we show that the NC Waring problem reduces to the classical Waring problem. The section begins by introducing a compatibility condition which is necessary for a NC homogeneous polynomial p to have a Waring decomposition. The main result of this section is Theorem 2.5 which shows that a NC homogeneous polynomial p has a t-term Waring decomposition if and only if it satisfies our compatibility condition and its commutative collapse has a t-term Waring decomposition.
Section 3 considers the general NC Waring problem. Similar to the δ = 1 case, we begin by introducing a general δ-compatibility condition which is necessary for the existence of a (δ, d)-NC Waring decomposition. The main result of the section is Proposition 3.8 which shows that, under the δ-compatibility condition, the general NC Waring problem is equivalent to a commutative Waring problem for a polynomial with an increased number of variables. We end with Section 3.4 which illustrates that an increase in our number of variables is necessary to reduce the general NC Waring decomposition to a commutative Waring decomposition.
The noncommutative Waring problem
In this section we will present our main results on the linear noncommutative Waring problem.
Commutative collapse.
Our results are associated with commutative problems through a correspondence we now describe.
For a NC polynomial p, the associated commutative collapse, p c , is the commutative polynomial obtained by considering the variables of p to be commutative. Our notation for commutative collapse for an NC monomial
We impose an equivalence relation ∼ c on NC monomials by saying that x α and xα are commutative equivalent if they have the same commutative collapse:
Moreover, two index tuples α andα are commutative equivalent, As we next see the following condition is necessary for existence of a NC Waring decomposition.
satisfies the compatibility condition means (2.2.1)
Sometimes we say p is compatible.
A noncommutative homogeneous polynomial p of degree d which satisfies the compatibility condition can be thought of as a "symmetric 1 noncommutative homogeneous polynomial of degree d" in the sense that p is invariant under the following action of the symmetric group. Given tuple a tuple α = (α 1 , α 2 , . . . , α d ) of length d and a permutation
It is then straight forward to check that x α ∼ c xα and α ∼ cα if and only if there is a permutation π ∈ S d such that π(α) =α.
We extend the action of S d to noncommutative homogeneous polynomials of degree d by
Then p meets the compatibility condition if and only if
for all permutations π ∈ S d . The following lemma shows that the compatibility condition is necessary for existence of an NC Waring decomposition.
Proof. p has a t-term Waring decomposition if and only if
Comparing the coefficients of x α on both sides, we get (2.2.3)
Example 2.3. A NC homogeneous polynomial p(x) = α P α x α has the complex (resp. real) 2-term Waring decomposition
if and only if (2.2.4)
has a solution a, b, c, d ∈ (resp. Ê) 
The problem is equivalent to calculating how many d-tuples can be formed by elements from α = (α 1 , α 2 , . . . , α d ), which is equivalent to
Theorem 2.5. Suppose p is an NC homogeneous polynomial which satisfies the compatibility conditions (2.2.1). Then the commutative collapse p c has the Waring decomposition
(with X i being commuting variables) if and only if p has the nc Waring decomposition
Note that the number of terms is the same and the real coefficients (resp. complex coefficients) A s j are the same. Proof. The proof begins by laying out the algebraic connection between p and p c . Let R denote a set consisting of one representative from each ∼ c equivalence class. Then from (2.2.1), the NC polynomial p(x) = |α|=d P α x α has commutative collapse satisfying
where P 
On the other hand, suppose p's commutative collapse, p c , has the commutative Waring decomposition (2.2.5), then the calculations in (2.2.8) and (2.2.9) can be reversed. By comparing coefficients, this is equivalent to
for all α ∈ R. Therefore by (2.2.7), p satisfies
for all index tuples α of length d. Hence by Lemma 2.2, p has the Waring decomposition (2.2.6). Thus under the compatibility condition (2.2.1), the NC polynomial p has a Waring decomposition iff its commutative collapse p c has the same Waring decomposition.
The general noncommutative Waring problem
We now consider a more general situation of which the problem in the preceding section is the base case. As you will see, the bookkeeping and notation is formidable, so it is very helpful to have done a simpler case. In the previous section our focus was to determine if a degree d noncommutative homogeneous polynomial can be expressed as sums of powers of linear terms. Now we examine when a degree δd noncommutative homogeneous polynomial can be expressed as sums of powers of homogeneous degree δ terms.
Problem formulation and notation.
Let T g δ be the set of all possible δ-tuples whose elements are integers between 1 and g, i.e.,
d is the set of d-tuples of δ tuples of indices. For any
It is natural to identify x α with
Recall our notation for a degree δ homogeneous polynomial is
where which accomplishes this grouping.
The General NC Waring Problem: Given a NC homogeneous degree δd polynomial p, does it have a t-term d th power real NC Waring (resp. complex NC Waring) decomposition of degree δ. That is, can p(x) be written as
We call this problem the (δ, d)-NC Waring problem and say a a decomposition of the form (3.1.1) is a t-term (δ, d)-NC Waring decomposition. Similarly for a commutative polynomial p c , we say a decomposition of the form (3.1.1) (with x β replaced by X β ) is a tterm (δ, d)-Waring decomposition. Note that the problem treated in Section 2 is exactly the (1, d)-NC Waring problem.
An obvious fact is, if p is a degree δd NC homogeneous polynomial and p has a t-term (δ, d)-NC Waring decomposition, then its commutative collapse p c has a t-term (δ, d)-Waring decomposition.
Tuple indicator functions.
We now extend the notion of indicator function to tuples of δ-tuples. For two δ−tuples β, γ ∈ T g δ , denote
Then for an index tuple µ ∈ (T 
3.2.
Main results on the general Waring decomposition. Similar to Section 2, we first state a compatibility condition which is necessary for the existence of a generalized NC Waring decomposition. We then prove that, if this condition holds, then we can reduce the generalized NC Waring problem to a commutative one at the price of an increase our number of variables.
The Compatibility Condition.
The generalized version of the δ = 1 compatibility condition is defined as follows: Definition 3.2. A noncommutative homogeneous polynomial of degree δd in g variables of the form
for all β ∈ T g δ . Consistent with this, we define the δ-equivalence relation, denoted
Here are a few bookkeeping properties of δ-equivalences.
(1) We have α ∼ 1α if and only if α ∼ cα .
(2) Let δ 1 , δ 2 ∈ N and let α,
In the case where δ 2 = 1 this follows from equation (3.1.2). The general case is similar. (3) Let δ 1 , δ 2 , d ∈ N and let p be a degree δ 1 d NC homogeneous polynomial. If δ 2 divides δ 1 and p satisfies the δ 2 -compatibility condition then p satisfies the δ 1 -compatibility condition. Items (2) and (3) highlight that, as δ grows, it becomes increasingly difficult for fixed monomials α andα of degree divisible by δ to be δ-equivalent. As an immediate consequence, as δ grows, it become more likely that a fixed NC homogeneous polynomial p of degree divisible by δ satisfies the δ-compatibility condition. In the extreme case, monomials α andα of degree δ are δ-equivalent if and only if α =α. As a result, every degree δ NC homogeneous polynomial satisfies the δ-compatibility condition.
Then α ∼ 1α and α ∼ 2α however α ∼ 4α . Now let p be the degree four homogeneous NC polynomial
Then p satisfies the 2-compatibility condition and the 4-compatibility condition. However, p does not satisfy the 1-compatibility condition, since the coefficient of x 1 x 1 x 2 x 2 in p is 0 but the coefficient of x 1 x 2 x 2 x 1 is 1 and
The following lemma shows that the δ-compatibility condition is necessary for the general NC Waring problem.
Lemma 3.5. Suppose a NC homogeneous polynomial p of degree δd in g variables has a t-term (δ, d)-NC Waring decomposition, then p satisfies the δ-compatibility condition, P α = P α if α ∼ δ α. Here p has coefficients P α .
Moreover, the (δ, d)-NC Waring problem has a solution over the complex numbers (resp. real numbers) if and only if the equation
Proof. p has a t-term (δ, d)-NC Waring decomposition iff ∃ δ th degree homogeneous polynomials, H 1 , H 2 , . . . , H t satisfying α∈T g δd
Comparing coefficients we see, equivalent to the (δ, d)-NC Waring decomposition is:
As a consequence P α = Pα for any α satisfying ½
for every β ∈ T g δ , yielding the first assertion of the theorem. Example 3.6. Let
Then p is an example where there is no (δ, d) = (2, 2)-NC Waring decomposition; indeed the 2-compatibility condition is violated because P (1,1,1,2) = 0 = 1 = P (1,2,1,1) . However, its commutative collapse does have the Waring decomposition:
3.3. Reduction to classical Waring in more variables.
To solve the general (δ, d)-noncommutative Waring problem we reduce to the δ = 1 case solved by Theorem 2.5. This reduction is accomplished by identifying a monomial x β with a new variable z β . Namely, fix δ and define the map φ on monomials of the form
where the z β are noncommutative indeterminates indexed by elements of T g δ . We extend or definition of φ to a noncommutative homogeneous polynomial
Lemma 3.7. The map φ as defined in equation (3.3.1) defines an algebra isomorphism on the algebra of noncommutative homogeneous polynomials of degree divisible by δ in the noncommutative indeterminate x = (x 1 , x 2 , . . . , x g ) which maps to the algebra of noncommutative homogeneous polynomials in the noncommutative indeterminates
Proof. This is straight forward from the definition of φ on a noncommutative homogeneous polynomial of degree dδ.
We now give our main result for the (δ, d)-NC Waring problem.
Proposition 3.8. Let p be a noncommutative homogeneous polynomial of degree δd in the indeterminate x = (x 1 , . . . , x g ), and let φ be as defined in equation Proof. To prove item (1), assume p(x) has a t-term (δ, d)-noncommutative Waring decomposition
By Lemma 3.7, φ is an algebra isomorphism so
This shows φ(p(x)) has a t-term (1, d) noncommutative Waring decomposition. The reverse direction is follows the same reasoning using φ
To prove item (2) let
where the µ j are viewed as elements of the index set T g δ if and only if
where the µ j are viewed as as δ tuples of elements of T g δ . It follows that
where the µ j are viewed as as δ tuples of elements of T It is tempting to try to solve the general (δ, d)-NC Waring problem by reducing to the commutative case without introducing additional variables. This section will show that this is not possible.
One may hope that the following are true:
(1) If p is a degree δd NC homogeneous polynomial, which satisfies the δ-compatibility condition (3.2.2), then its commutative collapse p c has the Waring decomposition
(with X i being commuting variables) if and only if p has the NC Waring decomposition
The following polynomial gives a counter example to both items. Let
and let δ = d = 2. Then p satisfies the 2-compatibility condition. We will show that the commutative collapse of p has a two term (2, 2)-Waring decomposition but that p does not have a two term (2, 2)-NC Waring decomposition.
It is straight forward to check
Item (1) would imply that
which is contradiction. This shows that item (1) cannot be correct.
In fact, p does not have a two term (2, 2)-NC Waring decomposition. To check this set Notice that for α = (α 1 , α 2 ) ∈ (T We have derived (4.0.1) in the general notation used in Section 3. The use of τ (α) over α is not necessary in the δ = 1 case, however it is needed when δ > 1 as illustrated by Example 4.2. This is the δ = 2 version of (4.0.1).
